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v=02kv' =03, vy=6,m=0.067, tgp = 0.8. The valuesx' = (xtge) ™! (xo = ctgp, x=xo) are plotted along
the abscissa.

The numerical results obtained show that the second approximation of the temperature problem of the
deformation of a thin-walled conical pipe provides very high accuracy even at large aperture angles of the pipe
¢ (for example when tg¢ = 0.8). The first (asymptotic) approximation describes the stress state of a thin-walled
pipe with small aperture angle with sufficient accuracy.

In the case of thick-walled pipes, the second approximation is found to provide sufficient accuracy.
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Using the averaging method [1, 2], a procedure is proposed for determining accurate values of the effective
moduli of elasticity, piezoelectric moduli and permittivities of piezoactive composites of periodic structure
with unidirectional fibres having the form of a circular cylinder. The accurate values are obtained by the
analytical solution of the problems in a periodicity cell.

THE AVERAGING method has previously been used to determine the effective properties of layered
piezoelectric composites in [3, 4]. To investigate the effect of the properties of fibre piezoelectric
composites approximate formulas have been proposed based on a statistical approach [5] and on the
method of matching and variational estimates [6].

1. Consider the non-homogeneous problem of the theory of electro-elasticity for a piezoactive

composite with a periodic structure. It is described by the following system of equations [7] and
boundary conditions:

V.6+F=0, V-D=0

o=C(%) ..Vu 4 el (%) Ve (1.1)
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x X
D _e(—é—) --Vu-—-—%(-e—) Ve
llig.‘:-'llo, O'Bls,zﬂo
?l5=0¢", D-n|g=x° (1.2)

Here u is the displacement vector, ¢ is the electric potential, F is the vector of volume forces, o is
the stress tensor, D is the electric-induction vector, C is the tensor of the moduli of elasticity with
components Cy;y, e is the tensor of the piezoelectric moduli with components ey;, € is the
permittivity tensor with components €,,,, n is the unit vector of the external normal to the boundary
§ of the region occupied by the composite, S; is the part of the boundary § on which the
displacements are specified, S, = S\S; is the part of the boundary on which the stresses are specified,
S5 is the part of the boundary § coated with electrodes on which the potential is specified, and
84 = 8\5; is the part of the boundary free from electrode while & defines the characteristic linear
dimensions of the periodicity cell relative to the linear dimensions of the composite.

We will associate with the periodicity cell a local system of coordinates §(&;, &, &), & = xi/¢.
Then using the average method [1, 2] the solution of problem (1.1), (1.2) will be sought in the form
of the expansions

u=u, () +eu,(z, £) +elu (2, E)+ ...
(1.3)
o=qo(z)+eq(z, &) tetp.(z, )+ ...

substitution of which into Eq. (1.1), taking into account the equation V=V, +&~'V,, where V., V,
are Nabla-operators in the system x and &, respectively, leads to the sequence of equations (8 is the
Kronecker delta)
Ve Oyt Vi 0,4+8,F=0
(1.4)
VoD +Vi D=0, £=0,1,2,...
Here
0,=C(E) - (Vo +Vou, ) He' () - (Ve Vigunt)
(1.5)
Dy=e (&) - (VautVeun ) —€(E) (VaprtVipass)

are the corresponding components in the expansion in terms of the parameter e of the stress tensor
o and the electric-induction vector D. In (1.4) the components with a negative index must be taken
to be equal to zero.

Note that u, (x, £), @i, 8 (x, £), Di(x, £), (k=1) are the functions that are periodic with respect to
the fast coordinate §.

The problem at the zeroth stage (k = 0) (we will call it the problem in a cell) can be represented in

the form
Vg'(’ozo, Vg'DoaO (1.6)

and consists of finding periodic functions u; , ¢, in the periodicity cell. To do this we will represent u,
and ¢; in the form
u,(z, §)=N(§) - -Vau,+R(E) - Voo
(1.7
@1 (7, §)=8(§) - V.aut®(£)-Vopo
where N(£), R(£), S(£), ®(£) are tensor functions, periodic in §, of the third, second, second and first
ranks, respectively.
Using relations (1.5) we can write the following representations:
0= (C+C-- VN+e'- V,8)--V,u,+ (e'+C: - ViR+e™- V@) - V.,
(1.8)
Dy (0+0" V;N—%' VgS) Vol (‘é-—@ . VgR"’%VgQ) 'Vz@n
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Equations (1.6) will then be satisfied for any u,(x), ¢o(x) if the following two groups of equalities
hold:

V;‘ {C' 'V;N'*’ﬁ" V;S'*‘C)*ﬂ
;- (e--VN~%- V;S+e) =0

(1.9)
Ve (C-- ViR+e' Vi@+er) =0

?;‘ (e»-V;R«%-?;@—-%)&O (11{})

Hence, the problem in a cell has been reduced to determining periodic local functions N, (£),
S,4(€) from the system of equations (1.9)

(CimNapasteniiSoan) . i==Clipq;

(1.11)
(euijt\’imd‘“%msm.n) b PR
and the functions Ry, (&), ®, (&) from system (1.10)
(c imiBngten; @) i=—eqi i (em‘jﬁiq,i“%wmem ) =%m,a (1.12)

in the periodicity cell.
For Egs (1.11) and (1.12) to be solvable we must require that the following condition is satisfied:

(Nipg (8) > =CSpe ()2 =C Ry (}) >=<D,(§)>=0 (1.13)

where the angle brackets denote the average over the volume of the periodicity cell. In addition to
conditions (1.13), it is necessary to add to (1.11) and (1.12) the conditions of continuity at the
boundary of a fibre and of the displacement matrix, the stress vector, the electric potential and the
normal component of the electric-induction vector

[Niped=0, [Sp}=0 (1.14)
[CiniNrvoatenisSpontCiipg) ni=0
[€riilV ipgi—ErnS pa.n tipe) Ma=0

kaq] =, fGi;‘man,r+ew®q.n'§“eq-‘j] n;=0
(1.15)

[®,]1=0, {ehi:‘R\‘v.i“"Cg im0 n—Euel Ny=0

where the square brackets denote jumps in the values of the quantities included in them at the
interface between phases, and n; are the components of the unit vector of the external normal to the
fibre surface.

After solving problems (1.11) and (1.12) the effective moduli of the composite can be obtained.
To do this we consider the system of equations (1.4) with £ = 1 and we integrate them over the
volume of the periodicity cell

Vo> +<(Vi 00 +F=0, V. (D>+(V-DO=0 (1.16)

The second terms in (1.16) vanish by virtue of Gauss’ theorem and the conditions of periodicity,
and hence the macroscopic equations of equilibrium have the form
V. o*+F=0, V.D*=0 (1.17)

where 0¥ = (o), D* = (D). By comparing this with relations (1.8) we can determine the effective
properties of the piezoactive composite



418 1. P. GeETmaN and V. A. Mov’kov

£,
R
-
¥
F
'
Fic. 1.
Ciiza = (Cispg + CiparVioq, t + €xijSog, k) (1.18)

‘i‘?‘u‘=<%’un+guq’n,r'8ﬁﬁm,;>
. .
Cij = <e:.-i,' 4 f;.-pmNmi:'. n— °an¢'}. n?

2. We will consider a piezoactive composite with a periodic structure having unidirectional fibres
in the form of a circular cylinder. The x; axis of a rectangular Cartesian system of coordinates
x(xy, x5, x3) is chosen to coincide with the direction of the fibres. Henceforth we will assume that
the section of the periodicity cell by a plane xx; is a parallelogram, the length of one of the sides of
which is unity, while the length of the other is » (Fig. 1). When r = 1, ¢ = w/2 we have a square
structure while the case r = 1, ¢ = 7/3 corresponds to a hexagonal structure. For a square structure
the maximum volume concentration of inclusions vy is 0.78 of the volume of the composite, while for
the hexagonal structure it is 0.86 of the volume of the composite.

We will assume that the components of the piezoelectric composite belong to symmetry class
6mm, while the polarization axis coincides with the directions of the fibres. The defining relations
from (1.1) can then be represented in the form [7]

00 =C .8, C 282 +C 3€y5—€5, .

02:=C 284, +C 180+ Cra€as—es K,

032=C3 (&1, F 80 ) +Cyses—enkEs, 2.1
Oas=2CLas—€sEq, 0,=2C e,

D.=2e 848 Es, a=1, 2,

Diy=eyi (81 tes) Hestssté 5K,y

Here we have used the traditional double-index notation of the components of the tensors Cj,
and ey, , according to which the symmetrical pair of indices is replaced by 1 according to the
following rule: i is replaced by i when i = j and by 9—i—j when i #/.

If the fibres are made of a piezoactive material, while the binding matrix is a passive dielectric
(exm=0), the piezoelectric composite has the structure 1-3 according to the classification in {8].
Otherwise, it has a structure 3-1, which includes, in particular, porous ceramics.

Composntes of this structure are widely used in manufacturing piezoelectric transducers wnth high
volume piezoelectric sensitivity, low impedance and a uniform amplitude-frequency characteristic
[8,9].

For a composite of the chosen structure the unknown functions Ny, , Sy, , Ry, . €4 depend on two
coordinates &,, & and are found from problems (1.11), (1.14) and (1.12) and (1.15), which we
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denote by 1,, and J,, respectively. In view of the symmetry of Cjpq, €xpq With respect to the last two
indices it is sufficient to solve six problems 1, for p<g and three problems J,. For brevity, in what
follows we will omit the last pair of indices on the functions Ny, S, and the last index on the
functions Ry, , ®,.

From the solution of the problems Igp(p = g = B =1, 2, 3), which, taking relations (2.1) into
account, we will write in the form

(cHMNk,l+Clb).I+ (CnmNu,l) .z""O

(2.2)
(szNa,z) ,1+ (szusz.z'*'CzB).z“O
Ny=8=0, k, I=1, 2

we can find, using (1.18), the effective values of the non-zero parameters:
C!l"—"(Cw'{”CnNt.i+C12Nz.2>
Czp*:<C2a+CnN|'j +C“N2.2>

(2.3)
Csa'=<C35+CuNx,i+CuNz.z)

Coa*’*’-(cu(Na,z'*'Nz,i) ?
e:_o*=(eaﬂ+ean:,t+ea|Nz,z>

The solution of problem I,
(CrsulNag) 1 H(C Ny +Cos) =0

(2.4)
(CasulNa it Cos ).+ (CaauNa 1) .=0

enables us to determine
Cee*=(Coe+Cos{N, N, 1>, es*=Cesy (N, +N;)> (2.5)
By solving problems I,; (a = 1, 2)
(CulNs te,sS,:18,0C) 1+ (CouNy 2 tesS s +8,.C4,) ,=0

(e1:Vsy— 208, Hb1a81s) 1+ (€3N 53— 6,48 2 +650€15) .=0, N, =N, =0 o
we can find the following effective parameters:
Css‘=(C“+C“Ns.i+e:sS.a)
C‘,‘a=<CuNn+egss.2)
e *=Ce, te Ny, ~%.8,,)
2.7

ezﬁ‘=<elstz—%uS.z> (a=1)
C.*=(C\+CN,.+eS >
eu'*(ests,r“%uS,t)
e *=<Ce;ste Ny —6:,8,2) {a=2)

From the solution of the problems J,, (a = 1, 2), which are identical in form with Egs (2.6), in
which the functions N3 and § are replaced by R; and @, while the coefficients on the Kronecker
symbols Cy4 and e,5 are replaced by e;5 and —%;, respectively, we find

%nl“——'(%u““éu‘b.l*euﬁa.n)
%n*=<%u0.:‘eaﬁﬂs.z) {&=i) (2.8)
‘}%zg‘==(?;,,+“é,.Q,,—e,;ﬂ,,,) (a$2)
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We can find the effective permittivity $3; from the formula
€y5*=(¢s—ey R, —eyR,,) {(2.9)
where the functions R, and R, are the solutions of problem J;, which is obtained from (2.2) by
replacing N by R, S by @ and Cy, Cyg by €3, .

3. To solve the problems /,, and J, we will use the methods of the theory of functions of a
complex variable [10]. For problems Ipg, I, J; the solutions can be expressed in terms of the

functions
o O L (2)
®(2) = -ﬁ-z+2 R Gy "—1r
R R < T 0" @)
¥ (2) —,}Lz*‘é by R =1 Jbz e—1) (3.1)
C* sz * z \F
@02 - Y O] %@ - )Y &g
(@ - 37 4‘; (%)

where z = §, +i¢;, {(z) is Weierstrass’ zeta-function, Q(z) is Natanzon’s function [10], aq, by, a,
bi, Cy, dy are certain complex constants, and X* represents summation over odd values of the
index. Here ¢;(z), s (z) are functions which relate to the region of the binding material, while
¢2(z) and Y (z) relate to the region of the fibre containing the origin of coordinates (Fig. 1).

The coefficients a, and by are expressed in terms of a; and b, from the condition for the required
functions to be periodic [11]. The coefficients a;, by, C; and d; (k=1) are determined from the
infinite system of linear algebraic equations obtained by satisfying the matching conditions on the
interface between the media (1.14) and (1.15). This infinite system belongs to the normal type and
its form is known [11].

After solving the linear system of algebraic equations, the effective characteristics of the
piezoelectric composite can be found in terms of the coefficients a; and C; from the formulas

Co*=<C,»>—x Re {A,+p, (1) A+p, (B)}
Cop*=<(Cyp>+Y Re {A,—p. (1) A:s+p,(B)}
Cgp —<(‘,1a>—'f[c:n] R(‘A:,Ceﬂ*=hﬂf Im 4, (32)

ew*=C(ep?—yley] Re A, C.*=Co'—y Im A,
ess*=—1[es] Re A, € *=E.>ty[es] Re A4,
P (B)=Cuw]=[C])/2. p:(B) =([C) +[Cs])/2
=(1+x)a/B, As= (%L —C,)/Ces*IR, %:=3—4C,,*/(C1,*+C %)

Here and henceforth the subscript denotes which component of the composite the symbol refers
to: “1” indicates it refers to the binding matrix and “2” indicates that it refers to the material of the
fibre; the square brackets indicate a jump in the value of the quantity contained within them
[F]=F'-F?

For problems I3, J, (a = 1, 2) the complex potentials have the form (3.1). In this case, in the
expression for the functions y, (z) the last sum must be equated to zero. Unlike problems Igg, I;5,
J3, these problems are connected (the non-zero functions S and ® are expressed in terms of the
potential U (z)). From the satisfaction of the matching conditions at the interface between the fibre
and the binding material we can set up an infinite system of algebraic equations for determining the
complex coefficients a; and b, . From the coefficients a; and b, obtained from the infinite system we
find the corresponding effective characteristics of the composite from the formulas
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s5*=Cu'—1Re B, C;;*=—yIm B,

els*=e15‘—1 Re Bz. 815.=—'f Im Bz
(3.3)

Cu.=C“’—Y Im Bh e“*:—'T Re Bz
ezg*=eu'-1 Im Bz, %”*= r*“’+1 Re Bz,
C(gu‘='f Im Bz» zzt=3nl+'¥ Im B,

B,=2 (Cu'a-t'{'e;s'bt)ln, B,=2 (eliial'—%ll‘bl) (R

Note that the constants a; and C; in (3.2) and 4, and b, in (3.3) vary depending on the type of
problem being solved.

From the complete matrix of the effective moduli C;;*, ey, é,,,,* obtained we can determine any
other set of parameters representing the piezoactive medium, in particular the piezoelectric moduli
di,,*, the volume piezoelectric modulus dv* = dj3* +2d5,*, the piezoelectric sensitivity gy* =
dv*/(g:.g [12], etc.

4. We will present some results of calculations to determine the effective characteristics of the piezoelectric
composites considered.

In Fig. 2 the continuous curves represent the effective characteristics normalized to the corresponding values
for a piezoactive composite in the case of a porous composite of type 3-1 with a hexagonal structure as a
function of the volume concentration of pores v. We chose PZT-4 piezoelectric ceramics [12] as the piezoactive
matrix.

The characteristic features of a piezoelectric composite of this kind are the fact that the piezoelectric moduli
dx3* and dy* (curves 1 and 2) are practically independent of the volume concentration of pores vy, and the
piezoelectric sensitivity g* increases sharply as v increases (curve 3).

Note that the filling of the pores with epoxy resin (Young’s modulus £ = 3 GPa, Poisson’s ratio v = 0.4 and
permittivity /€, = 5} does not lead to any qualitative change in this behaviour, and only the quantitative
features change slightly.

The dashed curves in Fig. 2 correspond to the effective values for a piezoelectric composite of type 1-3,
which is a fibre of PZT-4 piezoelectric ceramics in a filler of epoxy resin (hexagonal packing). Along the
abscissa we have plotted the volume concentration of piezoactive fibres .
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Typical features of such a composite are the considerable increase in the piezoelectric sensitivity gy°
(curve 4) for small concentrations of piezoelectric ceramic fibres, the presence of a local maximum in the value
of the volume piezoelectric modulus dy* (curve 5) and a slight dependence of the piezoelectric modulus ds;*
(curve 6) on the parameter v over a wide range.

In addition to calculations of the properties of composites with hexagonal packing we carried out calculations
for square packing. Note that in both cases the symmetry of the effective properties of the composite is
identical with the symmetry of the piezoactive component. An exception is the modulus of elasticity Cg,* for a
square structure, which is not equal to (Cy;* — C,*)/2. It was established from calculations that for small
volume concentrations of the fibres (pores) the effective moduli in both cases are practically identical. The
difference between them becomes considerable, however, as the volume concentration of the fibres increases.
For example, for the moduli Cy;*, Ci3*, Cy4*, e31%, e15* for y = 0.75 the difference exceeds 25%.

In conclusion we give some formulas for determining the effective properties of the fibre piezoelectric
composites considered. The relative error

A=100% - (m—mo)/m (3.4)

for these formulas, which follows from the analytical solution of problems in a periodicity cell does not exceed
1% over a range of variation of y from 0 to 0.4. In (3.4) m is the accurate value of the modulus and my is the
approximate value calculated from formulas which, for example, for the moduli Css*, e;s* and ,;* have the
form

Css*=C1 ! -21C\f .—2Y€45' P2
€5 =ey5' —27e43'B1 +2y¢14'P2
%8.g'=351’*21315'pl“’2‘1‘6t1'52

where B, B, satisfy the system of equations
ay1fytazBa=ayo,
azfytazp.=az

in which
ay=Cy (1Y) +Cu2 (1-7)
app=az=e;s' (1+H7) +es2 (1-7)
az2=-¢1 ' (1Y) €2 (1-7)

The coefficients a;y and ay for determining Css*, ¢;5* have the form

2 s
a10=Ci'-Cii®, azp=¢1s' ¢y

while for determining €;,*

ap=ey'—es?, @=%1*~%n'
Other independent moduli can be found from the formulas:

Co'=(Cy) P (D as—1p2(1 e
Co"=(C20) +yps (N ay—Yp2 (D
Ca|'=(cu)—'ﬂcu]a2' es ={(es)—Yles]a:
Caa" =(Caz) ~Y[Cay )23, 33" =(%ss) +Y[ea]Pars
€33 =(e33)—Y[Cs][ess]as
Cea” =Cas' [ Css) (1+x4)/ (1+ 4%+ atas)
ar=1—(1+x;)/ (1 +x1xta)
az=(1—7) (%2—1) p2(1)/(Cos*a22)
a“=(1—-x)((x,+58;/£¢:)‘1—63‘ﬂ‘)
Rar=2x (1-7) + (x2—1) (1+2¢/(x:—1))
ass=(1-%) { (x4 —5Sy/n?)y+BS.R*}
ta=as/p2(1), %x=Cae*/Ces'
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The parameter S, = 3.151212 for a square structure and S, = 0 for a hexagonal structure.
The results obtained enable us to predict the effective properties of a unidirectional fibre composite with a

periodic structure depending on the elastic, electric and geometrical parameters of its components.

—
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